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Neural survival regressions

• Cox PH model (Cox 1972)

λ(t | Z) = λ0(t) exp
(
β⊤Z

)
• 1-layer NN instead of β⊤Z (Faraggi and Simon 1995)
- No significant improvement observed due to the shallowness and computing limits.

• Deep NN ; DeepSurv (Katzman et al. 2018)
- Remarkable results achieved in applications using the multilayer NN.

• and a lot of variants...
• Deep Partially Linear Cox Model ; DPLCM (Zhong et al. 2022)
- “The first theoretical analysis of neural survival regression.”

λ(t | X,Z) = λ0(t) exp
{
β⊤Z + g(X)

}
• Neural Frailty Machine (Ruofan, et al. 2023)
- Extended to include frailty model and theory
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Frailty Model : Beyond the CoxPH model and PH assumption

• Cox PH model (with the covariate vector Z)

λ(t | Z) = λ0(t) exp
(
β⊤Z

)
• PH assumption gives time-independent harzard ratio.

λ (t | Z∗)

λ(t | Z̃)
= exp

(
β⊤

(
Z∗ − Z̃

))
• Frailty models extend CoxPH model via multiplicative random
effect to capture unobserved heterogeneity

λ(t | Z, ω) = ων̃(t, Z)

ω ∼ fθ(ω)

; usually 1-dim parametrized

and positive r.v. (e.g., Gamma)
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Neural Frailty Machine : Two frameworks

• Frailty model

λ(t | Z, ω) = ων̃(t, Z)

if ω = 1 (degenerated) and ν̃(t, Z) = λ0(t) exp(β
⊤Z), it becomes CoxPH model.

• The proportional frailty scheme (PF)

ν̃(t, Z) = h̃(t)m̃(Z)

= exp(h(t) +m(Z)) ; h and m are approximated by DNN

• The fully neural scheme (FN)

ν̃(t, Z) = exp(ν(t, Z)) ; ν are approximated by DNN

* Both schemes use ω ∼ Gamma(1, θ)
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Estimating strategy : Maximizing log partial likelihood

• Using the frailty transform (negative log Laplace transform), one
can construct the log partial likelihood.

Gθ(x) = − log
(
Eω∼fθ

[
e−ωx

])
• PF scheme:

L
(
W

h
,b

h
,W

m
,b

m
, θ

)
=

1

n

 ∑
i∈[n]

δi log gθ

(
e
m̂(Zi)

∫ Ti

0

e
ĥ(s)

ds

)
+ δiĥ (Ti) + δim̂ (Zi)

−Gθ

(
e
m̂(Zi)

∫ Ti

0

e
ĥ(s)

ds

)]
• FN scheme:

L
(
W

ν
,b

ν
, θ

)
=

1

n

 ∑
i∈[n]

δi log gθ

(∫ Ti

0

e
ν̂(s,Zi;W

ν,bν)ds

)
+ δiν̂

(
Ti, Zi;W

ν
,b

ν)
−Gθ

(∫ Ti

0

e
ν̂(s,Zi;W

ν,bν)ds

)]
* Integrals of an exponentially transformed DNN’s are evaluated using numerical integration. 4



Asymptotic theory

• True function : β - Hölder class
• DNN structure : O(log n) layer and O

(
n

d
β+d log n

)
sparsity

• Metric
Hellinger distance of conditional distribution: (L2 in Zhong et al. 2022)

d
(
ϕ̂n, ϕ0

)
=

√
Ez∼PZ

[
H2

(
Pϕ̂n,Z=z∥Pϕ0,Z=z

)]
- PF scheme : ϕ0 = (h0,m0, θ0) and ϕ̂n =

(
ĥn, m̂n, θ̂n

)
- FN scheme : ϕ0 = (ν0, θ0) and ϕ̂n =

(
ν̂n, θ̂n

)
Remark 1. Because of the frailty transform, likelihood can not be well-controlled by the L2
metric.

Remark 2. To develop L2 theory, need additional curvature assumption on likelihood.

• Theorem : Convergence Rate
PF scheme : dPF

(
ϕ̂n, ϕ0

)
= ÕP

(
n
− β

2β+2d

)
FN scheme : dFN

(
ϕ̂n, ϕ0

)
= ÕP

(
n
− β

2β+2d+2

)
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Experiments

• Evaluation metrics :

S (ℓ, t0, tmax) =∫ tmax

t0

1

n

n∑
i=1

 ℓ
(
0, Ŝ (t | Zi)

)
I (Ti ≤ t, δi = 1)

ŜC (Ti)
+

ℓ
(
1, Ŝ (t | Zi)

)
I (Ti > t)

ŜC(t)

 dt

- ℓ : {0, 1} × [0, 1] → R+ ; binary classification loss function
- Integrated Brier score (IBS)

ℓ(D, D̂) = {D − D̂}2

- Integrated negative binomial log-likelihood (INBLL)
ℓ(D, D̂) = (1−D) log D̂ +D log(1− D̂)

• Details of the metric (Graf et al. 1999)
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Experiments

• Real world data Results (IBS, INBLL)
* boldfaced : the best result / underlined : the second-best result

• Author’s remark.
- Not so much significant improvements
- Lack of open-to-public large-scale survival datasets.
- No authoritative train-test splits.

7



Experiments

• Real world data Results (C-index)
* boldfaced : the best result / underlined : the second-best result

• Author’s remark.
- (Rindt et el., 2022) observed loose correlation between the C-index
and the likelihood-based learning objective.
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